The analytical expression of the correlation function (r) for the cuboid with edges a, b and c is established. The calculation is based on the chord-length distribution. Details of these structure functions at essential r positions are analysed, including higher derivatives of the correlation function at the maximum chord length. The result was checked on closer analysis of the corresponding scattering intensity I(h) and its asymptotic behaviour I I (h).
Introduction
The scattering behaviour of single homogeneous particles can be analysed in terms of the structure functions of the particles in real space, such as the three-dimensional correlation function (c.f.) (r), and the chordlength distribution density (c.l.d.) A(l).
Many scientists, working in the ®eld of structure research, have well prepared the way to this calculation project: the determination of an analytic expression of the c.f. of the cuboid with edges a, b and c. Itoh (1970) , and later Goodisman (1980) and Goodisman & Coppa (1981) have presented analytic expressions of the c.f. of the cube. The ®rst principles of such calculations were explained in detail by Guinier & Fournet (1955) and Feigin & Svergun (1987) . Ciccariello (1995) has presented a universal theory for the determination and interpretation of the derivatives of the c.f. (n) (0) .
An analytic expression of the c.l.d. of the cuboid has been calculated by Gille (1988) . The pure geometrical point of view of such considerations is inevitable in order to perfect the theory of small-angle scattering.
The connection between A(l) and (r) in the case of a single convex homogeneous particle with maximum chord length L is r L r l À r Al dl L 0 l Al dlX 1
The numerator term equals " l = 4V/S and L = (a 2 + b 2 + c 2 ) 1/2 holds for the cuboid. The (r, a, b, c) result, given here (see x3), is based on the detailed application of equation (1) by use of the A(l, a, b, c) result of Gille (1988) . Various r intervals must be distinguished. Further details concerning A(l), the analysis of one special a, b, c case, including a discussion of the ®rst six derivatives, n = 1(1)6, (n) (L) of the c.f., are presented in x4 herein.
The correlation function
In addition to the precondition a < b < c < L < I, two basic types of cuboids must be distinguished:
and type 1,
For an interval splitting into eight intervals for each type, equations (2) and (3) are indispensable, and have much in common. This has been considered by Gille (1988) . The complete c.l.d. expression is based on the following eight + eight l intervals, i 1 , i 2 , F F F , i 8 : the current situation for type 0 is
and the current situation for type 1 is
Considering these interval splittings, the whole c.f. is calculable from equation (1), interval by interval,
A n (l) = l Å HH n l holds in the nth interval, but the`back step', the step from A(l) to (r), is an elaborate calculation, because no simpli®cation of the expressions happens here. A recursion formula for the single c.f.'s in the intervals is appropriate. Let l n be the upper limit of the nth interval i n , for example l 1 = a, l 2 = b, F F F n r 1a " l l n r l À r A n l dl 1a " l L l n l À r Al dlY l nÀ1 r l n X 4
Based on equation (4), the calculation yields the (r, a, b, c) given in Table 1 , step by step, interval by interval.² The integrals to be solved can all be led back to arctan(x) (in the most complicated case). From the (r, a, b, c) expression in the ®rst r interval i 1 , an approximation for the asymptotic expansion of the scattering intensity without the oscillating terms cos(h a), cos(h b), cos(h c) follows. The parallel interfaces of the cuboid are the reason for the undamped cosine terms. This has been studied by Ciccariello (1995) . Six patterns P1, P2, F F F , P6 are introduced for well de®ned permutations of the variables a, b, c and r in Table 1 . The PK are exclusively cyclometric terms, de®ned by (5):
The result in i 7 is a highly symmetrical expression, which can be improved by use of the theory of combination. Furthermore, the representation of in i 6 can be led back to that in i 7 : let the symbol SK(a, b, c) be the sum of all six permutations of one Kth pattern PK[x, y, z], de®ned by (5). For example for K = 1, (4) is a tricky job, compared with the formulation of A(l), of ten years ago. It can be assumed that in each case the c.l.d. of any geometric ®gure can be formulated much more simply than the corresponding c.f. The author does not know any exception from this rule among dozens of c.l.d.'s he has examined (including many consultations with specialists of stochastic geometry). The opposite occurs with the procedure of data evaluation of the scattering experiment. Here, based on N data points {h k , I(h k )}, k = 1(1)(N), (r) can be obtained substantially more simply than HH (r). In this light, the determination of (r, a, b, c) for the cuboid is an indispensable calculation project.
Then, the c.f. writes in the intervals i 7 and i 6 in a more compact form. In i 7 , the following results: 7 r À r 3 a4abc% 1a%S1aY bY c À S2aY bY c À S3aY bY c S4aY bY c ra6abc%f4cr 2 À a 2 À b 2 1a2 4br 2 À a 2 À c 2 1a2
br 2 À a 2 À c 2 1a2 a 2 c 2 À 12ab 2 cP5aY bY r À 12a 2 bcP5bY aY r À 12abc 2 P5bY cY r 12abc 2 P6aY cY r 12a 2 bcP6cY aY r 12ab 2 cP6cY bY rgX 6
It follows that 6 (r) = 7 (r) À T(r) within the interval i 6 , with Tr À r 3 a4abc% 1a%P4bY cY r P4cY bY r À P3bY cY r À P3cY bY r 1a12abc%rfb 4 À 6b 2 c 2 c 4 À 6ab 2 c%
12abcbP6cY bY r À cP5bY cY rg ra6abc%fÀ3b 2 À 3c 2 À 3ab% À 3ac%
3acP3bY cY r 3abP3cY bY r 3acP4bY cY r 3abP4cY bY r 6bcP7bY r P7cY r À P8bY c À P8cY bgX 7 
)c%]r 2 À 3r 4 + 4[c(r 2 À a 2 ) 1/2 (a 2 + 2r 2 ) + c(r 2 À b 2 ) 1/2 (b 2 + 2r 2 ) À c(r 2 À a 2 À b 2 ) 1/2 (a 2 + b 2 + 2r 2 ) + (a + b)(r 2 À c 2 ) 1/2 (c 2 + 2r (1/12abc%r){a[a 3 À 6a(b 2 + c 2 + r 2 ) + 6%(b 2 c + br 2 + cr 2 )] À 4(b 2 c[(r 2 À b 2 ) 1/2 À (r 2 À a 2 Àb 2 ) 1/2 ] + c{Àa 2 (r 2 À a 2 À b 2 ) 1/2 + 2r 2 [(r 2 À b 2 ) 1/2 À (r 2 À a 2 À b 2 ) 1/2 ]} + b{2r 2 (r 2 À c 2 ) 1/2 À (r 2 À a 2 À c 2 ) 1/2 (a 2 + 2r 2 ) + c 2 [(r 2 À c 2 ) 1/2 À (r 2 À a 2 Àc 2 ) 1/2 ]}) À 6(r (1/12abc%r)(a 4 + b 4 + c 4 À 6b 2 c 2 À 6a 2 (b 2 + c 2 ) À 3r 4 + c(r 2 À a 2 À b 2 ) 1/2 (4a 2 + 4b 2 + 8r 2 ) + b(r 2 À a 2 À c 2 ) 1/2 (4a 2 + 4c 2 + 8r 2 ) + a(r 2 À b 2 À c 2 ) 1/2 (4b 2 + 4c 2 + 8r 2 ) + 6r{2abc (P1[a, which was checked numerically in a ®rst step (in most different cases for a, b and c), as well as analytically.
4.1. Testing the asymptotic scattering behaviour and the c.l.d.
The obvious procedure to check the result is to differentiate (r) twice. In the course of this step the expressions in all intervals substantially simplify. The c.l.d. A(l) = l Å HH (r) re-results. There is no difference between type 0 and type 1 in a special intermediate case {a = 3, b = 4, c = 5} which is considered in Figs. 1 and 2 . The ®rst derivative H is continuous. HH has at most three ®nite jumps at the abscissas {r = a, r = b, r = c} of sizes {a À2 , b À2 , c À2 }. The spikes A, B and C in the c.l.d. directly correspond to the edge positions {r = a, r = b, r = c}. The ®rst moment of the c.l.d. is 4V/S = 2.55 in the considered case; see the dashed line de®ned by (0) and H (0) in Fig. 1 .
Another independent check for the expressions obtained is the interrelation between the exact scattering behaviour I(h), the asymptotic scattering behaviour I I (h) and the behaviour of . As a consequence of the parallel interfaces of the cuboid, a simple Porod term $h À4 and a Kirste±Porod term $(Àh À6 ) cannot approximate I(h). I(h) is a highly oscillating function, which oscillates (with extremely large amplitude) around the Porod asymptote.
The intensity I I (h), depending on in the r intervals i 1 up to i 5 for type 0 and i 1 up to i 4 for type 1, is formulated in the ®rst line of Table 1 . The bigger h L, the better the dashed line in Fig. 2 ®ts the exact scattering behaviour (full line). The local minima of the asymptotic approximation, dashed line in Fig. 2 , touch the axis of abscissa, if h L 3 I. Extremely large values of h L are necessary to reach small deviations between the two curves in Fig. 2 .
The interval 0 < h L < 21 is considered in Fig. 2 . The dashed approximation and the exact curve (full line) touch the axis of abscissa, if h L 3 I. Then, the Kirste± Porod term does not impact IP(h L).
If there exists a certain degree of continuous polydispersity of the cuboid(s), the asymptotic expansion of I(h) changes fundamentally. Then, the Porod plot strongly converges to an asymptote without having concise oscillations. This can be checked numerically for any continuous broad size distribution of the edges of the cuboid. For relatively narrow size distributions of the edges of the cuboid, the situation must be inspected from case to case.
The derivatives of the c.f. at r = L
Considering the position r = L, the application of equations (5) and (6), as well as the representation in Table 1 , yield the following derivatives. The ®rst four derivatives disappear, i.e. besides (L) = 0, H (L) = 0, HH (L) = 0, (3) (L) = 0 and (4) (L) = 0 hold. But then
This behaviour is a consequence of the vertices on both ends of L, which was considered by Stoyan & Stoyan (1992) and Gille (1999) . 
Summary and conclusions
(r) of the cuboid is a well known continuous function in all the r intervals. The example handled here, anew demonstrates that it is by far easier to calculate and represent analytic expressions for c.l.d.'s than for the corresponding correlation functions. The specialization of the result for the case a = b = c yields the well known result for the cube, with the clear r intervals i 1 = {0 < r < a}, i 3 = {a < r < 2 1/2 a}, i 7 = {2 1/2 a < r < 3 1/2 a}, i 8 = {3 1/2 a < r} (see Itoh, 1970; Goodisman & Coppa, 1981) . HH (r, a, b, c) possesses the typical ®nite jumps at {r = a, r = b, r = c}. This leads to a highly oscillating Porod plot, which can be considered as a ®ngerprint of the cuboid; the corresponding A(l, a, b, c) function is a ®ngerprint as well.
In order to detect the largest particle dimension L by formal differentiation of the c.f. [see equation (9)], a ®fth derivative of the c.f. would be required. The geometrical foundations for this behaviour of are explained by Gille (1999) . The so-called transformed c.f. was applied by Gille & Handschug (1994) .
The application of the expressions given is not limited to the pure theory of small-angle scattering experiments. Whenever the so-called pair correlation is simulated for a ®xed lattice (in the ®eld of wide-angle scattering, 1000± 2000 atoms are typical of such calculations with fast computers) a limited crystal volume V is simulated. In most cases V has the shape of an rectangular prism in the simulation program. Each simulation result is affected by the so-called border effect (all border atoms have no neighbours in all directions in space). By use of the exact pair correlation 4%r 2 (r)/V of a homogeneous cuboid, the border effect can be reduced considerably in terms of the dimension of the considered a, b, c region.
In the ®eld of stochastic geometry (see Stoyan & Stoyan, 1992) , the c.f. goes under the name`set covariance' C(r), which is normalized by C(0) = V. C(r) = abc (r) holds. There exists a great variety of practical cases involving the set covariance as the basic function; for example, primary grains of cuboid shape in a Boolean model.
